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Abstract.— A point P on a smooth hypersurface X of degree d in PN is called a star
point if and only if the intersection of X with the embedded tangent space TP (X) is a cone
with vertex P . This notion is a generalization of total inflection points on plane curves and
Eckardt points on smooth cubic surfaces in P3. We generalize results on the configuration
space of total inflection points on plane curves to star points. We give a detailed description
of the configuration space for hypersurfaces with two or three star points. We investigate
collinear star points and we prove that the number of star points on a smooth hypersurface
is finite.
MSC.— 14J70, 14N15, 14N20
1 Introduction
In our papers [3] and [4], we studied the locus of smooth plane curves of degree
d containing a given number of total inflection points. As a starting point in
[3], we examined possible configurations of points and lines that can appear as
such total inflection points and the associated tangent lines. In this paper, we
generalize this point of view to higher dimensional varieties.
In case C is a smooth plane curve and P is a point on C, the intersection
TP (C) ∩ C of the tangent line with C is a 0-dimensional scheme of length d.
The point P is called a total inflection point of C if and only if this scheme
has maximal multiplicity (being d) at P . Therefore, as a generalization, we
consider points P on smooth hypersurfaces X of degree d in PN such that the
intersection TP (X) ∩ X of the tangent space with X has multiplicity d at P .
This condition is equivalent to TP (X)∩X being a cone with vertex P in TP (X).
Because of this pictorial description, we call such point P a star point on X.
If P is a total inflection point of a plane curve C and L = TP (C), the
intersection scheme C ∩ L is fixed: it is the divisor dP on L. Therefore, a
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configuration space for total inflection points on plane curves is defined using
pairs (L,P ) with L a line on P2 and P a point on L. In case N > 2, P is a star
point on a smooth hypersurface X and Π = TP (X), then X ∩ Π is not fixed
in advance. Therefore, a configuration space for star points on hypersurfaces in
PN of degree d is defined using triples (Π, P, C) with Π a hyperplane in PN , P
a point on Π and C a cone hypersurface of degree d in Π with vertex P . When
restricting to smooth hypersurfaces (as done in this paper), one can assume C
being smooth outside P .
As in the case of plane curves, we prove that there is a strong relation
between the space of hypersurfaces having a given number e of star points
and the space of associated configurations. Using this relation we find a lower
bound for the dimension of the components of such space of hypersurfaces. We
call this lower bound the expected dimension. We give a complete description of
the configuration space associated to hypersurfaces X having two and three star
points. In case e = 2, we have two components with one having the expected
dimension and the other one having larger dimension. The component with
unexpected dimension corresponds to the case when the line spanning two star
points is contained in X. In case e = 3, we have components of the expected
dimension but also components with larger dimension.
In case X is a smooth hypersurface of degree d in PN and L is a line on X,
then there are at most two star points of X on L. On the other hand, there
do exist smooth hypersurfaces X in PN of degree d such that for some line L
the intersection X ∩ L consists of d star points of X. In case X is a smooth
hypersurface of degree d in PN and L 6⊂ X is a line containing at least d−1 star
points of X, then L contains exactly d star points. This generalizes the classical
similar fact on inflection points on cubic curves and it is an extra indication
that the concept of star points is the correct generalization of total inflection
points on plane curves. We show that the case with three star points and the
case with collinear star points are the basic cases.
Although there exist smooth hypersurfaces having many star points (e.g.
the Fermat hypersurfaces), we prove that there are only finitely many if d ≥ 3.
Star points are intensively studied in the case of smooth cubic surfaces X
in P3. In this case, a star point P is a point such that 3 lines on X meet
at P . The study of the lines on a smooth cubic surface is very classical; it
is well-known that there are exactly 27 lines on such a surface (see e.g. [8]).
The study of smooth cubic surfaces having 3 lines through one point started
with a paper by F.E. Eckardt (see [6]); therefore such points are often called
Eckardt points. A classification of smooth cubic surfaces according to their star
points (also considering the real case) was done in [14], using so-called harmonic
homologies. In his Ph-D thesis [10], Nguyen gave a classification for the complex
case using the description of a smooth cubic surface as a blowing-up of 6 points
on P2 (see also [11]). From that point of view, the author also studied singular
cubic surfaces (see also [12,13]).
Eckardt points on cubic surfaces also appear in the recent paper [5]. For most
of the smooth cubic surfaces S, there exists a K3-surface X being the minimal
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smooth model of the quartic surface Y defined by the Hessian associated to the
equation of S. In general, those K3-surfaces have Picard number 16 and one has
an easy description for the generators of the Neron-Severi group NS(X). Cubic
surfaces S with Eckardt points give rise to higher Picard numbers. In particular,
one also finds K3-surfaces with Picard number 20 (the so-called singular K3-
surfaces). In those cases, the Eckardt points give rise to easily determined ”new”
curves on X.
The generalization to higher dimensional hypersurfaces also occurs in [2]. In
this paper, the authors study the log canonical threshold of hyperplane sections
for a smooth hypersurface X of degree N in PN . Note that such hypersurfaces
are embedded by means of the anticanonical linear system. Assuming the log
minimal model program, they obtain a strong relation between hyperplane sec-
tions coming from tangent spaces at star points of X and the minimal value for
the log canonical threshold. Instead of talking about star points, the authors
call them generalized Eckardt points.
A star point on a smooth hypersurface X in PN of degree d gives rise to
a subset of the Fano scheme F(X) of lines on X of dimension N − 3. The
Fano scheme of hypersurfaces is intensively studied (see [1, 7, 9]). For a general
hypersurface, the Fano scheme is smooth of dimension 2N − d − 3. This also
holds for non-general hypersurfaces if N is large with respect to d. On the
other hand, in case d > N , the dimension of the Fano scheme of non-general
hypersurfaces (e.g. Fermat hypersurfaces) might be larger than 2N − d − 3.
However, the finiteness of the number of star points for smooth hypersurfaces
X in PN of degree d ≥ 3 implies that there exists no (N−2)-dimensional subset
B of F(X) such that each line L of B meets a fixed curve Γ ⊂ X.
Star points are also related to so-called Galois points. Let X be a smooth
hypersurface in PN , let P be a point in PN and let H be a hyperplane not
containing P . The point P is called a Galois point of X in case projection of
X to H with center P corresponds to a Galois extension of function fields. In
case P is an inner Galois point on X (”inner” means P is a point on X) then
P is a star point of X. This is proved for quartic surfaces in [17, Corollary 2.2]
and in general in [18, Corollary 6].
The article is structured as follows. In Section 2, we give the definition
of a star point on a hypersurface and prove a general result on configurations
of star points (Theorem 2.10). We use a connection between star points and
polar hypersurfaces (Lemma 2.12) to determine all star points on a Fermat
hypersurface (Example 2.13). In Section 3, we study star points on a line L
in case L ⊂ X (Proposition 3.1) and in case L 6⊂ X (Proposition 3.3 and
Theorem 3.4). In Section 4, we prove that the number of star points on a
smooth hypersurface is always finite (Theorem 4.2). In Section 5, we prove the
lower bound for the dimension of the configuration space associated to a given
number e of star points (Corollary 5.5). We also show that the case of collinear
star points and three star points are basic (Proposition 5.7). In Section 6 and
Section 7, we investigate the number of components of the configuration set of
hypersurfaces with two or three star points.
3
2 Definition and first results
We work over the field C of complex numbers.
Notation 2.1. Let X be a hypersurface in PN and let P be a smooth point on
X. We write TP (X) to denote the tangent space of X inside PN .
Definition 2.2. Let X be a hypersurface of degree d in PN (N ≥ 2) and let P
be a smooth point on X. We say that P is a star point on X if and only if the
intersection TP (X) ∩X (as a scheme) has multiplicity d at P .
Remark 2.3. Some remarks related to the previous definition.
• Let X and P be as in Definition 2.2 and let N ≥ 3. Then P is a star point
of X if and only if the intersection TP (X) ∩X is a cone of degree d with
vertex P inside TP (X). In particular, X has to be irreducible.
• Let C be a plane curve of degree d and let P be a smooth point on C.
Then P is a star point of C if and only if P is a total inflection point for
C (i.e. the tangent line to C at P intersects C with multiplicity d at P ).
Hence the concept of a star point is a generalization of the concept of a
total inflection point of a plane curve.
• Let X be a surface of degree d in projective space P3 and let P be a star
point on X. Then the intersection of the tangent plane to X at P with
X is (as a set) a union of lines through P in that tangent plane. In case
d = 3 and X is smooth, the intersection is the union of three lines on X
through P (here we also use Lemma 2.4). Classically, such a point P is
called an Eckardt point on X.
Lemma 2.4. Let X be a smooth hypersurface of degree d in PN (N ≥ 3) and
let P be a star point on X. Then the intersection X ∩ TP (X) is smooth outside
the vertex P .
Proof. Let C = TP (X) ∩ X and assume Q is a singular point of C different
from P . Since C is a cone with vertex P it follows that all points on the line
< P,Q > are singular points on C.
Choose coordinates (X0 : . . . : XN ) in PN such that P = (1 : 0 : . . . : 0),
the hypersurface TP (X) has equation XN = 0 and Q = (1 : 1 : 0 : . . . : 0). The
equation of X is of the form
F (X0, . . . , XN ) = XNG(X0, . . . , XN ) +H(X1, . . . , XN−1),
with G (resp. H) homogeneous of degree d− 1 (resp. d), G(1, 0, . . . , 0) 6= 0 (be-
cause Z(F ) has to be smooth at P with tangent space Z(XN )), H(1, 0, . . . , 0) =
0 (because Q ∈ TP (X) ∩X) and (∂H/∂Xi)(1, 0, . . . , 0) = 0 for 1 ≤ i ≤ N − 1
(because C is singular at Q). Clearly (a : b : 0 : . . . : 0) ∈ X for all
(a : b) ∈ P1. It follows that (∂F/∂Xi)(1, c, 0, . . . , 0) = 0 for 0 ≤ i ≤ N − 1
and (∂F/∂XN )(1, c, 0, . . . , 0) = G(1, c, 0, . . . , 0). Unless G(1, T, 0, . . . , 0) is a
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constant different from 0, it has a zero c0 and then (1 : c0 : 0 : . . . : 0) is a
singular point on X, contradicting the assumption that X is smooth.
In case G(1, T, 0, . . . , 0) is a nonzero constant, one has
G = aXd−10 +
N∑
i=2
XiGi(X0, . . . , XN ),
with Gi homogeneous of degree d − 2 and a 6= 0. Consider the point R = (0 :
1 : 0 : . . . : 0) ∈ TP (X) ∩X. Still (∂F/∂Xi)(R) = 0 for 0 ≤ i ≤ N − 1 but also
(∂F/∂XN )(R) = G(R) = 0, since ∂F/∂XN = G + XN∂G/∂XN . This implies
X is singular at R, contradicting the assumptions.
In this paper we study star points on smooth hypersurfaces. Motivated by
the previous lemma, we introduce the following definition.
Definition 2.5. Let P be some projective space and let P be a point in P. A
hypersurface C of degree d in P is called a good P -cone of degree d in P if C is
a cone with vertex P and C is smooth outside P .
Using Definition 2.5, we can restate Lemma 2.4 as follows. If X is a smooth
hypersurface of degree d in PN and if P is a star point on X, then TP (X) ∩X
as a scheme is a good P -cone of degree d in TP (X).
We are going to generalize Proposition 1.3 in [3] to the case of star points.
First we introduce some terminology.
Notation 2.6. To a projective space PN , we associate the parameter space Pd
of triples T = (Π, P, C) with Π a hyperplane in PN , P a point on Π and C a
good P -cone of degree d in Π. Note that
dim(Pd) = N + (N − 1) +
(
N + d− 2
N − 2
)
− 1 = 2N +
(
N + d− 2
N − 2
)
− 2.
Consider such triples T1, . . . , Te with Ti = (Πi, Pi, Ci) and Pi /∈ Πj for i 6= j.
Definition 2.7. We say L = {T1, . . . , Te} is suited for degree d if there exists
a hypersurface X of degree d in PN not containing Πi for some 1 ≤ i ≤ e and
such that X ∩Πi = Ci.
Notation 2.8. Let L = {T1, . . . , Te}. We write
Vd(L) = {s ∈ Γ(PN ,OPN (d)) |Ci ⊂ Z(s)},
where Z(s) is the zero locus of s. Let Pd(L) = P(Vd(L)) be its projectivization,
so Pd(L) is a linear system of hypersurfaces of degree d in PN . For L = ∅, we
write Vd = Vd(L) and Pd = Pd(L) (so Vd = Γ(PN ,OPN (d))).
If Π is a hyperplane of PN , we can consider the restriction map
r : Vd(L)→ Γ(Π,OΠ(d)).
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Denote the image of r by VΠ,d(L) and write PΠ,d(L) = P(VΠ,d(L)) to denote
its projectivization. Again, we can consider the case L = ∅, and we write
VΠ,d(L) = VΠ,d and PΠ,d(L) = PΠ,d in this case.
Note that dim(Vd) =
(
N+d
N
)
and dim(Vd(Π)) =
(
N−1+d
N−1
)
.
Remark 2.9. In case X is a quadric in PN and P is a smooth point on X,
then TP (X) ∩X is a quadric in TP (X) singular at P . Since a singular quadric
in some projective space is always a cone with vertex P , it follows that P is a
star point of X. Therefore all smooth points on a quadric are star points on
that quadric, hence from now on we only consider the case d ≥ 3.
Theorem 2.10. Assume L is suited using cones of degree d ≥ 3.
(i) Then dim(Pd(L)) =
(
d−e+N
N
)
(here
(
d−e+N
N
)
= 0 if e > d). In case e ≤ d,
a general element X of Pd(L) is a smooth hypersurface of degree d.
(ii) Let Π be a hyperplane in PN with Pi /∈ Π for 1 ≤ i ≤ e. Let Π′i = Π ∩ Πi
for 1 ≤ i ≤ e.
If e ≤ d, then PΠ,d(L) has dimension
(
d−e+N−1
N−1
)
and it contains
Π′1 + . . .+ Π
′
e + PΠ,d−e.
If e > d, then PΠ,d(L) has dimension 0.
(iii) Let Π be a hyperplane as before. Fix a point P in Π and a good P -cone C
of degree d in Π. Let T = (Π, P, C) and consider L′ = L ∩ {T }. Then L′
is suited for degree d if and only if C ∈ PΠ,d(L).
Proof. First we are going to prove that (ii) and (iii) follow from (i). So assume
L is suited and (i) holds for L. Let Π be a hyperplane in PN such that Pi /∈ Π
for 1 ≤ i ≤ e.
First assume dim(Pd(L)) = 0, i.e. Pd(L) contains a unique hypersurface X of
degree d not containing Πi for 1 ≤ i ≤ e. It follows that e > d and Πi ∩X = Ci
for 1 ≤ i ≤ e. If Π ⊂ X then Π′i is a hyperplane inside Πi not containing Pi
and contained in X. This contradicts the fact that Ci = X ∩Πi because Ci is a
cone in Πi with vertex Pi. It follows that Π 6⊂ X, hence PΠ,d(L) is not empty.
Clearly it has dimension zero, thus (ii) holds. Let P , C, T T ′ be as described
in (iii). If X ′ ∈ Pd(L′), then clearly X ′ ∈ Pd(L), hence X ′ = X and we need
X ∩ Π = C (we already know that Π ⊂ X is impossible), so C ∈ PΠ,d(L).
Conversely, if C ∈ PΠ,d(L), then we have X ∩Π = C, hence X ∈ Pd(L′). Since
we already proved that Π 6⊂ X it follows that L′ is suited. This proves (iii) in
this case.
Now assume e ≤ d, hence dim(Pd(L)) =
(
d−e+N
N
)
. Let Π be as in (ii) and
let s ∈ Vd(L) with r(s) = 0 (where r is as in Notation 2.8), hence Π ⊂ Z(s). It
follows that Π′i ⊂ Z(s) but also Ci ⊂ Πi ∩Z(s). Since Pi is a vertex of the cone
Ci and Pi /∈ Π′i, it follows that Πi ⊂ Z(s). This proves that
ker(r) = pi1. · · · .pie.pi.Γ(PN ,OPN (d− e− 1),
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where we write pi to denote an equation of Π and so on, hence dim(ker(r)) =(
d−e+N−1
N
)
. This implies
dim(im(r)) = dim(Vd(L))− dim(ker(r))
=
(
d−e+N
N
)
+ 1− (d−e+N−1N ) = (d−e+N−1N−1 )+ 1,
hence dim(PΠ,d(L)) =
(
d−e+N−1
N−1
)
. Since
pi1. · · · .pie.Γ(PN ,OPN (d− e)) ⊂ Vd(L),
we have Π′1 + . . .+ Π
′
e + PΠ,d−e ⊂ PΠ,d(L). This finishes the proof of (ii).
Let P ∈ Π with Pi /∈ Π and C a good P -cone of degree d in Π. Let
T = (Π, P, C) and assume L′ = L ∪ {T } is suited. There exists X ′ ∈ Pd(L′)
with X ′ ∩ Π = C. Since X ′ ∈ Pd(L), it follows C ∈ PΠ,d(L). Conversely,
assume C ∈ PΠ,d(L), hence there exists X ∈ Pd(L) with X ∩ Π = C. Assume
X contains a hyperplane Πi for some 1 ≤ i ≤ e, then Π∩Πi ⊂ X. Since P /∈ Πi
and X ∩Π is a cone with vertex P different from Π, we obtain a contradiction.
Therefore Πi 6⊂ X. This proves L′ is suited, finishing the proof of (iii).
Now we are going to prove (i). First we consider the case e = 1. Consider
the exact sequence
0→ Γ(PN ,OPN (d− 1))→ Γ(PN ,OPN (d))→ Γ(Π1,OΠ1(d))→ 0.
The cone C1 ⊂ Π1 corresponds to a subspace of VΠ1,d = Γ(Π1,OΠ1(d)) of
dimension one and its inverse image in Vd = Γ(PN ,OPN (d)) is equal to Vd({T1}).
This proves dim(Pd({T1}) =
(
N+d−1
d
)
and for X ∈ Pd({T1}) general, one has
X∩Π1 = C1. This finishes the proof of (i) in case e = 1. Moreover, we conclude
that each {T1} is suited.
Now assume e > 1 and assume L is suited and let L′ = {T1, . . . , Te−1}. Since
L′ is suited we can assume (i) holds for L′ (using the induction hypothesis). First
assume e−1 > d, hence dim(Pd(L′)) = 0. Since Pd(L) 6= ∅ and Pd(L) ⊂ Pd(L′),
it follows dim(Pd(L)) = 0, hence (i) holds for L. So assume e− 1 ≤ d, hence
dim(Pd(L′) =
(
d− e+ 1 +N
N
)
.
In particular (iii) holds for L′ and we apply it to Π = Πe. It follows that
Ce ∈ PΠe,d(L′), hence Ce defines a one-dimensional subspace of VΠe,d(L′). The
inverse image under r is exactly Vd(L) ⊂ Vd(L′). Since
pi1. · · · .pie.Γ(PN ,OPN (d− e)) = ker(r),
it follows that ker(r) = 0 if e = d+ 1. This implies dimVd(L) = 1 in that case,
hence dim(Pd(L)) = 0. In case e ≤ d, we find dim(ker(r)) =
(
d−e+N
N
)
and so
dim(Vd(L)) =
(
d−e+N
N
)
+ 1.
Finally, in case e ≤ d, we are going to prove that a general X ∈ Pd(L) is
smooth. We know that Π1 + . . .+ Πe + Pd−e ⊂ Pd(L). For
X ∈ Pd(L) \ (Π1 + . . .+ Πe + Pd−e),
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one has X ∩ Πi = Ci for 1 ≤ i ≤ e. (Indeed, assume there exists 1 ≤ i ≤ e
such that Πi ⊂ X. Then for j 6= i, consider Πi ∩ Πj ⊂ X. But Cj ⊂ Πj ∩ X
and Cj is a good P -cone of degree d and Pj /∈ Πi, so it follows Πj ⊂ X,
hence X ∈ Π1 + . . . + Πe + Pd−e.) Hence the fixed locus of Pd(L) is equal to
C1∪ . . .∪Ce. From Bertini’s Theorem it follows that Sing(X) ⊂ C1∪ . . .∪Ce for
general X ∈ Pd(L). Since for X /∈ Π1 + . . .+ Πe + Pd−e, one has Πi ∩X = Ci,
so it follows that Sing(X) ∩ Ci ⊂ {Pi}. Therefore, if a general X ∈ Pd(L)
would be singular, then there exists some 1 ≤ i ≤ e such that X is singular
at Pi. This implies Pi is a singular point of all X ∈ Pd(L). However, inside
Π1+. . .+Πe+Pd−e, there exists elements of Pd(L) smooth at Pi for all 1 ≤ i ≤ e
(here we used e ≤ d). Hence a general X ∈ Pd(L) is smooth.
To finish this section, we mention an indirect characterization of star points
that is already mentioned in the old paper [15]. We start by recalling the
following classical definition.
Definition 2.11. Let X be a hypersurface of degree d in Pr with equation
F = 0 and let P = (x0 : . . . : xr) be a point in Pr. The polar hypersurface
of P with respect to X is the hypersurface ∆P (X) defined by the equation∑r
i=0 xi(∂F/∂Xi) = 0. Clearly Q ∈ X ∩ ∆P (X) with Q 6= P if and only if
〈P,Q〉 ⊂ TQ(X).
The following easy lemma shows how polar hypersurfaces can be used to find
star points. Although the proof can be given using equations, we prefer to give
geometric arguments.
Lemma 2.12. Let X be a smooth hypersurface in PN and let P ∈ PN , then
∆P (X) contains a hyperplane Π of PN containing P if and only if P is a star
point of X and Π = TP (X).
Proof. In case P is a star point on X and Q ∈ TP (X) ∩ X different from P ,
then 〈P,Q〉 ⊂ X. Hence 〈P,Q〉 ⊂ TQ(X) and so Q ∈ ∆P (X). This proves
TP (X) ∩X ⊂ ∆P (X) ∩ TP (X).
If TP (X) 6⊂ ∆P (X), we have deg(TP (X)∩X) = d and deg(∆P (X)∩ TP (X)) =
d− 1, a contradiction. We conclude TP (X) ⊂ ∆P (X).
Conversely, assume there exists a hyperplane Π in Pr containing P and
satisfying Π ⊂ ∆P (X). If Q is a singular point of Π ∩ X, then Π = TQ(X).
Since X is smooth, the equality holds at most for finitely many points (see e.g.
[19, Corollary 2.8]). Therefore Π ∩ X has no multiple components. For each
component Y of Π ∩X and Q ∈ Y general, one finds 〈P,Q〉 is tangent to Y at
Q. Hence the projection with center P in Π restricted to Y does not have an
injective tangent map. Because of Sard’s Lemma, this is only possible in case
this projection has fibers of dimension at least one. So we conclude that Y is a
cone with vertex P . It follows that P is a star point on X.
Example 2.13. Consider the Fermat hypersurface Xd,N = Z(Xd0 +. . .+X
d
N ) =
Z(Fd,N ) ⊂ PN . Let ξ ∈ C with ξd = −1 and let Ei,j(ξ) be the point with xi = 1,
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xj = ξ and xk = 0 for k 6= i, j. Clearly, Ei,j(ξ) ∈ Xd,N . We are going to show
that Ei,j(ξ) is a star point on Xd,N .
From ∂Fd,N/∂Xk = d.Xd−1k , we find (∂Fd,N/∂Xk)(Ei,j(ξ)) = 0 in case
k /∈ {i, j}, (∂Fd,N/∂Xi)(Ei,j(ξ)) = d and (∂Fd,N/∂Xj)(Ei,j(ξ)) = d.ξd−1 =
−d.ξ−1, hence TEi,j(ξ)(X) has equation d(Xi − 1) − d.ξ−1(Xj − ξ) = 0, hence
Xi−ξ−1Xj = 0. In order to compute TEi,j(ξ)(X)∩X, we replace Xi by ξ−1Xk in
the equation of Xd,N and one finds
∑N
k=0;k/∈{i,j}X
d
k = 0. Inside TEi,j(ξ)(X), this
is a cone with vertex Ei,j(ξ). So we find smooth hypersurfaces in PN containing
a lot of star points.
Using Lemma 2.12, we can prove that we found all star points on Xd,N .
Indeed for P = (x0 : . . . : xN ), one has that the polar hypersurface ∆P (Xd,N )
has equation
∑N
i=0 xiX
d−1
i = 0. Clearly,
Sing(∆P (Xd,N )) = Z(Xk |xk 6= 0).
If P is a star point then ∆P (Xd,N ) should contain a hyperplane, therefore the
singular locus of ∆P (Xd,N ) has dimension N − 2. This implies that there exist
0 ≤ i < j ≤ N such that xk = 0 for k /∈ {i, j}. Since there is no point on Xd,N
having N coordinates equal to 0 we can assume xi = 1. Since P ∈ X we need
xdj = −1. So, the hypersurface Xd,N has exactly d
(
N+1
2
)
star points.
Remark 2.14. On a smooth cubic surface X in P3, there are exactly 27 lines.
Each of these lines contains at most two star points (see Proposition 3.1) and
each star point gives rise to three lines, hence the number of star points on such
a surface X is at most 18. This upper bound is attained by the Fermat surface
X3,3 ⊂ P3.
3 Collinear star points
Let X be a smooth hypersurface in PN and let P1, P2 be two different star points
on X. Assume P2 ∈ TP1(X). Since TP1(X) ∩ X is a cone with vertex P1, it
follows that the line L = 〈P1, P2〉 is contained in X. We investigate star points
on X belonging to a line L ⊂ X.
Proposition 3.1. Let X be a smooth hypersurface of degree d ≥ 3 in PN and
let L be a line in PN such that L ⊂ X. Then X has at most two star points on
the line L.
Proof. From the assumptions, it follows that N ≥ 3.
We first consider the case N = 3, thus L is a divisor on X. For a hyperplane
Π in P3, we write Π ∩X to denote the effective divisor on X corresponding to
Π (hence it is the intersection considered as a scheme). We consider the pencil
P = {Π ∩X − L |Π is a plane in P3 containing L} on X.
Assume there exist D ∈ P with L ⊂ D, hence there is a plane Π ⊂ P3 with
Π ∩X ≥ 2L. It follows that Π = TP (X) for all P ∈ L. If X would have a star
point P on L then any Q ∈ L\{P} would be a singular point of TP (X)∩X, this
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is impossible because of Lemma 2.4. So, since for each D ∈ P one has L 6⊂ D,
the pencil P induces a g1d−1 on L.
If P ∈ L is a star point of X, then there is a divisor L1 + . . . + Ld−1 in
P with L1, . . . , Ld−1 lines through P different from L, hence (d − 1)P ∈ g1d−1.
Since g1d−1 on P1 can have at most two total ramification points, it follows that
X has at most two star points on L. (Note that here we use d ≥ 3. Indeed, this
lemma clearly does not hold for quadrics in P3).
Now assume N > 3 and assume the proposition holds in PN−1. Consider
the linear system P = {X ∩Π |Π is a hyperplane in PN containing L} in PN . It
has dimension N − 2 and its fixed locus is L. It follows from Bertini’s Theorem
that for a general D ∈ P one has Sing(D) ⊂ L. However, in case P ∈ L is a
singular point of D ∈ P, then D = X∩TP (X), hence the locus of divisors D ∈ P
singular at some point of L has at most dimension one. Since N − 2 > 1, it
follows that a general D ∈ P is smooth.
So take a general hyperplane Π in PN containing L and consider
X ′ = X ∩Π ⊂ Π ∼= PN−1,
again a smooth hypersurface. If P is a star point for X on L, then by definition
it is also a star point for X ′. By induction, we know X ′ has at most two star
points on L, hence X has at most two star points on L.
Example 3.2. The affine surface X in A3 with equation
yx(y − x)(y + x) + z(x− 1)(z + x− 1)(z − x+ 1) = 0
has degree equal to 4 and contains the x-axis. On this axis, there are two
star points, namely P1 = (0, 0, 0) with TP1X : z = 0 and P2 = (1, 0, 0) with
TP2X : y = 0.
Figure 1: Star point P1
On Figure 1, one can see that the lines L1 : y = 0 (i.e. the x-axis), L2 : x = 0,
L3 : y = x and L4 : y = −x on TP1X are contained in X.
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Now we consider star points on a line L not contained in the smooth hyper-
surface X. Of course, such a line L contains at most d star points of X. The
following result shows this upper bound occurs.
Proposition 3.3. Fix integers d ≥ 3 and N ≥ 3. Let L be a line in PN and let
P1, . . . , Pd be different points on L. Fix hyperplanes Π1, . . . ,Πd not containing
L and such that Pi ∈ Πi for 1 ≤ i ≤ d and fix a good P1-cone C1 in Π1 of
degree d. Then there exists a smooth hypersurface X of degree d in PN not
containing L, having a star point at P1, . . . , Pd with TPi(X) = Πi for 1 ≤ i ≤ d
and TP1(X) ∩X = C1.
Proof. Let Y be a cone on C1 with vertex in L different from P1, . . . , Pd. For
2 ≤ i ≤ d, let Y ∩ Πi = Ci. Clearly, Ci is a good Pi-cone in Πi. Let Ti =
(Πi, Pi, Ci) for 1 ≤ i ≤ d and denote L = {T1, . . . , Td}. Since Y ∈ Pd(L) and
Πi 6⊂ Y for 1 ≤ i ≤ d, we find L is suited for degree d. From Theorem 2.10, it
follows a general element X of Pd(L) is smooth.
For smooth cubic plane curves C, there is the following classical result: if
P1, P2 are inflection points of C, then the third intersection point of C with
the line connecting P1 and P2 is also an inflection point. For plane curves, this
result has a generalization. Indeed, let C be a smooth plane curve of degree
d ≥ 2, let L be a line and assume P1, . . . , Pd−1 are total inflection points of C
contained in L. Then C has one more intersection point Pd with L and Pd is
also a total inflection point of C. We generalize this to the case of star points.
This result is an extra indication that the concept of star point is the correct
generalization of the concept of total inflection point.
Theorem 3.4. Let N ≥ 3 be an integer and let X be a smooth hypersurface of
degree d ≥ 3 in PN . Let L be a line in PN with L 6⊂ X and assume P1, . . . , Pd−1
are d− 1 different star points of X on L. Then L intersects X transversally at
d points P1, . . . , Pd and Pd is also a star point of X.
Proof. Since TPi(X) ∩ X is a good Pi-cone Ci and L 6⊂ X, it follows that
L 6⊂ TPi(X). In particular, L intersects X transversally at Pi for 1 ≤ i ≤ d− 1,
hence L intersects X at d different points P1, . . . , Pd. Let Πi = TPi(X) for
1 ≤ i ≤ d.
We need to prove that Pd is a star point of X. Since L 6⊂ Πd it follows that
Πd ∩Πi is a hyperplane in Πi not containing the vertex of the Pi-good cone Ci.
This implies Ci,d = Ci ∩ Πd is a smooth hypersurface of degree d in Πi ∩ Πd.
Take i = 1 and let P ∈ C1,d and consider the plane ΛP = 〈P,L〉 spanned by P
and L. Since L 6⊂ Πd and Pd, P ∈ Πd, it follows that the line 〈Pd, P 〉 is equal to
ΛP ∩Πd. Since P ∈ X ∩Π1, it follows that the line 〈P, P1〉 belongs to X, hence
〈P, P1〉 ⊂ ΛP ∩X. Let Qi = 〈P1, P 〉 ∩ Πi for 2 ≤ i ≤ d − 1, then Qi ∈ X ∩ Πi
while Pi 6= Qi, hence 〈Pi, Qi〉 ⊂ Ci = X ∩ Πi and 〈Pi, Qi〉 ⊂ ΛP ∩ X. So we
obtain d− 1 different lines on X ∩ ΛP , hence
〈P1, P 〉+ 〈P2, Q2〉+ . . .+ 〈Pd−1, Qd−1〉 ⊂ ΛP ∩X
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Since ΛP 6⊂ X, we know that ΛP ∩X is a curve (effective divisor) of degree d
on ΛP . Hence ΛP ∩X needs to be a sum of d lines in ΛP . Since
Pd 6∈ 〈P1, P 〉 ∪ 〈P2, Q2〉 ∪ . . . ∪ 〈Pd−1, Qd−1〉,
it follows that ΛP ∩ X contains a line T through Pd. Since T ⊂ X, it follows
that T ⊂ Πd, hence T ⊂ Πd ∩ ΛP and therefore T = 〈Pd, P 〉. Since P is any
point on C1,d it follows that the cone Cd on C1,d with vertex Pd is contained
in Πd ∩ X. However this cone is a hypersurface of degree d in Πd ∩ X, hence
Cd = Πd ∩ X. Since Cd is a good Pd-cone in Πd, it follows that Pd is a star
point on X.
4 The number of star points
The number of total inflection points on a smooth plane curve is bounded be-
cause a total inflection point gives some contribution to the divisor correspond-
ing to the inflection points of the associated two-dimensional linear system. The
degree of this divisor is fixed by the degree of the plane curve. For the case of
star points on hypersurfaces of dimension at least two, such argument is not
available.
Although there exist hypersurfaces having a large number of star points
(see Proposition 3.3 or Example 2.13), we prove the finiteness of the number
of star points on a smooth hypersurface. First we prove that the locus of star
points form a Zariski-closed subset. This implies that a smooth hypersurfaces
X having infinitely many star points should contain a curve Γ such that each
point on that curve is a star point of X.
Lemma 4.1. Let X ⊂ PN be a smooth hypersurface of degree d ≥ 3 and let
ST (X) be the set of star points on X. Then the set ST (X) is a Zariski-closed
subset of X.
Proof. Let (PN )∗ be the dual space of PN (parameterizing hyperplanes in PN )
and let H ⊂ (PN )∗ × PN be the incidence space (as a set it is defined by
(Π, P ) ∈ H if and only if P ∈ Π; clearly it is Zariski-closed in (PN )∗ × PN ).
Consider also the Zariski-closed subset X˜ ⊂ X × (PN )∗ (isomorphic to X) with
(P,Π) ∈ X˜ if and only if Π = TP (X). Then P(TX) can be identified with
(X˜ × PN ) ∩ (X ×H) ⊂ X × (PN )∗ × PN .
The projection p : P(TX)→ X is a PN−1-bundle and X = (X˜ ×X) ∩ (X ×H)
is a divisor in P(TX) giving a family p′ : X → X of hypersurfaces of degree d
for p. There is a natural section s : X → X with s(P ) = (P, TP (X), P ). Using
local equations, it is clear that the set of points Q on X such that p′−1(p′(Q))
has multiplicity d at Q is a Zariski-closed subset Y of X . Since p′(Y ∩ s(X)) =
ST (X) and p′ is proper, it follows that ST (X) is Zariski-closed in X.
The proof of the following theorem is inspired by [9]. In our situation, it is
possible to work a bit more geometrically.
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Theorem 4.2. Let X be a smooth hypersurface of degree d ≥ 3 in Pn, then X
has at most finitely many star points.
Proof. Assume X has infinitely many star points, then there exists a curve Γ
on X such that each P ∈ Γ is a star point on X, so CP = X ∩ TP (X) is a cone
with vertex P .
Let G = G(1, N) be the Grassmannian of lines in PN . For a line L ⊂ PN , we
will denote the corresponding point in G by l. For each star point P ∈ Γ, the set
of lines in X through P gives rise to a subset CP ⊂ G of dimension N − 3. By
moving P on Γ and CP inside G, we obtain a set B ⊂ G with dim(B) = N − 2.
Let P be a general point on Γ, pick l general in CP and let Q be a general
point on L. Choose coordinates (X0 : . . . : XN ) on PN such that P = E0,
Q = E1 and TP (X) : X2 = 0, where Ei is the point with zero coordinates
except the ith coordinate being one. Write T = ∩R∈LTR(X). Note that T is a
linear space of dimension equal to N − 2 or N − 1, since TQ(CP ) ⊂ T ⊂ TQ(X).
Assume dim(T ) = N − 1. In this case, for each R ∈ L, the tangent space
TR(X) has equation X2 = 0, thus ∂F∂Xi (R) = 0 for all i 6= 2. On the other hand,
there is at least one point R? ∈ L such that ∂F∂X2 (R?) = 0. This implies R? is a
singular point of X, a contradiction.
Now assume dim(T ) = N − 2. Note that TP (Γ) 6⊂ T . Indeed, otherwise we
have TP (Γ) ⊂ TS(CP ) for all S ∈ CP , hence, from Sard’s Lemma, it follows
that the projection of CP from TP (Γ) has 2-dimensional fibers. Because it is
a projection, those fibers are planes containing TP (Γ) and CP is a cone with
vertex TP (Γ). Since P is the only singular point of CP , this is impossible.
So we can choose the coordinates on PN so that TP (Γ) = 〈P,E3〉 and TQ(X)
has equation X3 = 0, thus T has equation X2 = X3 = 0. For each R ∈ L, we
have ∂F∂Xi (R) = 0 for all i 6∈ {2, 3} and the tangent space TR(X) has equation
∂F
∂X2
(R)X2 + ∂F∂X3 (R)X3 = 0.
Let PN = P(W ) for some (N + 1)-dimensional vector space W and let
{e0, . . . , eN} be a basis of W such that Ei = [ei]. Since TQ(X) has equation
X3 = 0, there exists a holomorphic arc {q(t)} ⊂ W with Q(t) = [q(t)] ∈ X,
q(0) = e1 (so Q = [q(0)]) and q′(0) = e2. Note that the arc {Q(t)} ⊂ X
is not contained in TP (X). Since the lines in B cover X, there exists an arc
{p(t)} ⊂ W such that P (t) = [p(t)] ∈ Γ, P (0) = P and the lines 〈P (t), Q(t)〉
are contained in B. Write p′(0) = λ.e3 with λ ∈ C.
Now let R = (a : b : 0 : . . . : 0) be general point on L, so {r(t)} ⊂ W with
r(t) = a.p(t)+ b.q(t) is a holomorphic arc with R(t) = [r(t)] ∈ X and R(0) = R.
We have r′(0) = aλ.e3 + b.e2, hence
[r(0) + r′(0)] = (a : b : b : aλ : 0 : . . . : 0) ∈ TR(X).
If λ = 0, we have ∂F∂X2 (R) = 0 for all point R ∈ L \ {P}, and thus ∂F∂X2 (P ) = 0,
a contradiction. So λ 6= 0 and we conclude ∂F∂X2X1 + λ ∂F∂X3X0 = 0 on L. This
implies the existence of a homogeneous form G(X0, X1) of degree d − 2 such
that ∂F∂X2 = λX0G and
∂F
∂X3
= −X1G on L. Choose (a?, b?) 6= (0, 0) such
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that G(a?, b?) = 0. This corresponds to a point R? ∈ L satisfying ∂F∂X2 (R?) =
∂F
∂X3
(R?) = 0. Hence R? is a singular point on X, again a contradiction.
Corollary 4.3. Let X be a smooth hypersurface in PN of degree d ≥ 3 and
let F(X) be its Fano scheme of lines. Then there does not exist a (N − 2)-
dimensional subset B ⊂ F(X) and a curve Γ ⊂ X such that each line of B
meets Γ.
Proof. Since a smooth surface X ⊂ P3 of degree d ≥ 3 contains only finitely
many lines, the statement is clear for N = 3. Now assume the statement fails for
some N > 3. So, there exists a smooth hypersurface X ⊂ PN of degree d ≥ 3,
a subset B ⊂ F(X) of dimension N − 2 and a curve Γ ⊂ X such that each line
of B meets Γ. We will denote the line corresponding to a point l ∈ B by L. For
each point P ∈ Γ, let CP = {l ∈ B |P ∈ L} and let CP = ∪l∈CP L ⊂ X∩TP (X).
Note that the dimension of CP is equal to N − 3 (since dim(B) = N − 2 and
X 6= TP (X)), so CP is a hypersurface in X ∩ TP (X). Let P be a general
point of Γ. If CP = X ∩ TP (X), the point P is a star point, hence X has
infinitely star points. This is in contradiction with Theorem 4.2. Now assume
CP 6= X∩TP (X). So TP (X)∩X has an irreducible component DP of dimension
N−2 different from CP . For each point Q ∈ CP ∩DP , we have TQ(X) = TP (X)
since Q is singular in X ∩ TP (X). This is in contradiction with [19, Corollary
2.8], since CP ∩DP has dimension at least one.
5 Configurations of star points
In Section 3 of our paper [3], we obtain a lower bound on the dimension of the
configuration space for total inflection points on smooth plane curves. This was
obtained by describing that configuration space as an intersection of two natural
sections of some natural smooth morphism. Now we generalize this to the case
of star points. We use Notation 2.8 and introduce some further notations.
Notation 5.1. The set Pe,0d consists of e-tuples (Πi, Pi, Ci)ei=1 from Pd sat-
isfying Pi /∈ Πj for i 6= j. We write Li to denote the associated i-tuple
(Πj , Pj , Cj)ij=1 for 1 ≤ i ≤ e.
The set Vd,e ⊂ Pe,0d is determined by the condition that (Πi, Pi, Ci)ei=1 ∈ Pe,0d
belongs to Vd,e if and only if there exists an irreducible hypersurface X of degree
d in PN such that X ∩Πi = Ci for 1 ≤ i ≤ e.
Notation 5.2. Given L ∈ Pe,0d , we write Πi,j = Πi ∩ Πj for 1 ≤ i < j ≤ e.
Associated to L, we introduce linear systems g′i on Πi for 1 ≤ i ≤ e as follows.
In case i ≤ d + 1, then g′i = Π1,i + . . . + Πi−1,i + PΠi,d−i+1 and g′i is empty in
case i > d+ 1.
Let Ge be the space of pairs (g,L) with L ∈ Pe,0d and g is an (e − 1)-tuple
(g2, . . . , ge) of linear systems gi on Πi as follows. In case i ≤ d + 1, then gi
is a linear subsystem of PΠi,d of dimension
(
N+d−i
N−1
)
containing g′i and in case
i > d+ 1, gi has dimension 0 (i.e. it consists of a unique effective divisor). We
write τ : Ge → Pe,0d to denote the natural projection.
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From the previous definition, it follows that τ is a smooth morphism of
relative dimension
f =
e∑
i=2
[(
N + d− 1
N − 1
)
−
(
N + d− i
N − 1
)
− 1
]
in case e ≤ d+ 1 and of relative dimension
f =
d+1∑
i=2
[(
N + d− 1
N − 1
)
−
(
N + d− i
N − 1
)
− 1
]
+ (e− d− 1)
[(
N + d− 1
N − 1
)
− 1
]
in case e > d+ 1.
In the proof of the next theorem we are going to use the following definition.
Definition 5.3. For a point P on a hyperplane Π ⊂ PN and an integer k ≥ 1,
we write k(P ∈ Π) to denote the fat point on Π located at P of multiplicity
k. So, k(P ∈ Π) is the 0-dimensional subscheme of Π of length (N+k−2N−1 ) with
support P and locally defined at P by the ideal MkP,Π.
Theorem 5.4. There exist two sections S1, S2 of τ such that Vd,e = τ(S1∩S2).
Corollary 5.5. Each irreducible component of Vd,e has codimension at least f
inside Pe,0d .
Proof of theorem 5.4. For L ∈ Pe,0d , we define S1(L) = g as follows. In case
2 ≤ i ≤ d+ 1, gi = 〈g′i, Ci〉 and in case i > d+ 1, then gi = {Ci}.
Next we construct the section S2(L) = h. Consider the surjective map
q2 : Vd(L1)→ VΠ2,d(L1).
We know that ker(q1) = pi1pi2Vd−2 (where pii is the equation of Πi ⊂ PN ).
Take h2 = PΠ2,d(L1). We know VΠ2,d(L1) contains pi1,2VΠ2,d−1 (where pii,j
is the equation of Πi,j ⊂ Πj) and dim(h2) =
(
d+N−2
N−1
)
. From the restriction map
OΠ2(d)→ Od(P2∈Π2)(d), we obtain a homomorphism
VΠ2,d(L1)→ Γ(Od(P2∈Π2)(d)).
The image of pi1,2VΠ2,d−1 is equal to Γ(Od(P2∈Π2)(d)), hence the kernel of this
map is a 1-dimensional vector space 〈s2〉. Let V ′d(L2) = q−1(〈s2〉); it is a
subspace of Vd containing pi1pi2Vd−2. Moreover, the associated linear system
P(V ′d(L2)) has dimension
(
N+d−2
N
)
and it induces a unique divisor on Π2 with
multiplicity at least d at P2.
Let 2 < i ≤ e with i ≤ d+1 and assume hj is constructed for 2 ≤ j ≤ i−1 and
assume V ′d(Lj) ⊂ Vd is constructed such that V ′d(Lj) contains pi1. · · · .pijVd−j ,
such that V ′d(Lj) is contained in V ′d(Lj−1) (with V ′d(L1) = Vd(L1)) and the
associated linear system P(V ′d(Lj)) has dimension
(
N+d−j
N
)
. Assume also that
it induces a unique divisor on Πj with multiplicity at least d− j + 2 at Pj . The
restriction of forms of degree d to Πi gives rise to a map
qi : V ′d(Li−1)→ VΠi,d = Γ(Πi,OΠi(d)).
15
Assume s ∈ ker(qi), i.e. Πi ⊂ Z(s). Since s ∈ Vd(L1), we obtain Z(s) ∩ Π1
contains C1 ∪Π1,i. Since P1 /∈ Π1,i, we find Π1 ⊂ Z(s). Let 1 < i0 ≤ i− 1 and
assume Π1 ∪ . . . ∪Πi0−1 ⊂ Z(s), then Z(s) ∩Πi0 contains
Π1,i0 ∪ . . . ∪Πi0−1,i0 ∪Πi0,i.
If Z(s) does not contain Πi0 , then Z(s) ∩ Πi0 is a divisor in Πi0 having multi-
plicity at most d− i0 at Pi0 . But s ∈ V ′d(Li0), hence we obtain a contradiction
and therefore Z(s) contains Πi0 . In this way we find
ker(qi) = pi1. · · · .piiVd−i
(hence this kernel is empty in case i = d+ 1). This implies
dim(im qi) =
(
N + d− i+ 1
N
)
+ 1−
(
N + d− i
N
)
=
(
N + d− i
N − 1
)
+ 1.
Since pi1. · · · .pii−1Vd−i+1 ⊂ V ′d(Li−1), one has
pi1,i. · · · .pii−1,iVΠi,d−i+1 ⊂ im(qi),
so we take hi = P(im qi).
As before, one concludes that the restriction map
im(qi)→ Γ(O(d−i+2)(Pi∈Πi))
is surjective, hence it has a one-dimensional kernel 〈si〉. Let V ′d(Li) = q−1i (〈si〉),
then the inclusion V ′d(Li) ⊂ V ′d(Li−1) holds, V ′d(Li) contains pi1. · · · .piiVd−i,
the associated linear system P(V ′d(Li)) has dimension
(
N+d−i
N
)
and it induces a
unique divisor on Πi with multiplicity at least d− i+ 2 at Pi.
In case i = d + 1 (hence e ≥ d + 1), then P(V ′d(Ld+1)) consists of a unique
divisor D. If D contains Πi for some i < d + 1 then as before one proves
D contains Π1, . . . ,Πd+1, hence a contradiction. So for i > d + 1, one takes
hi = {D}.
Clearly S1(L) = S2(L) if and only if gi = hi for 2 ≤ i ≤ e. The equality
h2 = g2 is equivalent to C2 ∈ PΠ2,d(L1), which is equivalent to L2 ∈ Vd,2 by
Theorem 2.10. In this case, we also have V ′d(L2) = Vd(L2).
Let 3 ≤ i ≤ e and assume that hj = gj for 2 ≤ j ≤ i − 1 is equivalent
to Li−1 ∈ Vd,i−1 and in this case, V ′d(Li−1) = Vd(Li−1). Assume hj = gj for
2 ≤ j ≤ i. Hence, Li−1 ∈ Vd,i−1 and the image of qi is equal to VΠi,d(Li−1).
From the previous arguments, it follows that P(im(qi)) = hi contains a unique
divisor having multiplicity at least max{d − i + 2, 0} at Pi, hence hi = gi is
equivalent to Ci ∈ P(im qi) = PΠi,d(Li). This is equivalent to Li ∈ Vd,i and by
construction V ′d(Li) = Vd(Li) in that case.
By induction on i, we conclude S1(L) = S2(L) if and only if L ∈ Vd,e.
Remark 5.6. Take N = 3, hence dim(Pe,0d ) = e(d+ 5).
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In case e = 2, we find f = d, hence dim(Vd,2) ≥ d + 10. Combining this
with Theorem 2.10, the space of surfaces in P3 having at least 2 star points not
contained in a line inside the surface has dimension at least d+ 10 +
(
d+1
3
)
. In
case d = 3, we find this space has dimension at least 17. In his thesis [10] (see
also [11]), Nguyen found exactly two components both having dimension 17.
In case e = 3, we find f = 3d, hence dim(Vd,3) ≥ 15. In case Vd,3 would
have a component of dimension exactly 15, it would be an orbit under the
action of Aut(P3). Combining this description with Theorem 2.10, the space of
hypersurfaces with three star points has dimension at least 15 +
(
d
3
)
. In case
d = 3, we find this space has dimension at least 16. In his work, Nguyen found
a unique component of dimension 17. This component comes from the fact that
a cubic surface X in P3 having two star points P1 and P2, such that the line
connecting those points is not contained in X, has at least three star points (see
Theorem 3.4). It follows that the space of cubic surfaces with at least three
star points not on a line has only irreducible components of dimension 16 (but
those components do parameterize surface having more than three star points
because of Theorem 3.4).
The following proposition is a generalization of a result on total inflection
points on smooth plane curves proved in [16] to the case of star points. It
shows that the case of three star points (see Section 7) and collinear star points
(see Section 3) are the most basic cases. The proof given in [16] relies on a very
general formulated algebraic statement, that can also be applied in the situation
of star points. Here we give a more direct and more geometric proof based on
Theorem 2.10.
Proposition 5.7. Let L = (Πi, Pi, Ci)ei=1 ∈ Pe,0d . Assume that
(i) for all 1 ≤ i1 < i2 < i3 ≤ e, one has (Πij , Pij , Cij )3j=1 ∈ Vd,3;
(ii) for all 1 ≤ i1 < i2 < · · · < im ≤ e with dim(Πi1 ∩Πi2 ∩· · ·∩Πim) = N −2,
one has (Πij , Pij , Cij )
m
j=1 ∈ Vd,m;
then L ∈ Vd,e.
Proof. Of course we may assume e > 3. Assume both conditions hold and
assume the conclusion of the proposition holds for e− 1 instead of e.
In case Πi,e = Πj,e for all 1 ≤ i < j ≤ e − 1, then the second assumption
(applied to ij = j for 1 ≤ j ≤ e) implies L ∈ Vd,e.
So we can assume Π1,e 6= Π2,e. Applying the induction hypothesis to i ∈
{1, · · · , e − 1}, we find X ′ ∈ Pd such that X ′ ∩ Πi = Ci for 1 ≤ i ≤ e − 1.
Let X ′ ∩ Πe = C ′e. Let ϕ′e (resp. ϕe) be the equation of C ′e (resp. Ce) inside
Πe. For j ∈ {1, 2}, consider the linear system of hypersurfaces X ∈ Pd such
that X ∩ Πi = Ci for i ∈ {j, 3, . . . , e − 1}. On Πe, this linear subsystem of Pd
induces a linear subsystem of PΠe,d. From the induction hypothesis applied to
{j, 3, . . . , e} this linear subsystem of PΠe,d is equal to〈
Πj,e +
e−1∑
i=3
Πi,e + PΠe,d−e+2, Ce
〉
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in case d− e+ 2 ≥ 0; otherwise it is {Ce}.
Since C ′e belongs to those linear subsystems of PΠe,d, there exists gj ∈
VΠe,d−e+2 and cj ∈ C such that ϕ′e = pij,e.
∏e−1
i=3 pii,e.gj + cj .ϕe (here we write
pii,e to denote the equation of Πi,e inside Πe) in case d − e + 2 ≥ 0; in case
d− e+ 2 < 0 it already proves C ′e = Ce. In case d− e+ 2 ≥ 0, we find
e−1∏
i=3
pii,e.(pi1,eg1 − pi2,eg2) + (c2 − c1)ϕe = 0
Since pii,e (with i ∈ {3, . . . , e− 1}) cannot divide ϕe, it follows that c1 = c2 and
pi1,eg1 = pi2,eg2. So we have that g1 = pi2,eg′1 (here we use Π1,e 6= Π2,e), hence
ϕ′e =
∏e−1
i=1 pii,eg
′
1 + c1ϕe.
Since pi1,e cannot divide ϕ′e, it follows that c1 6= 0, thus
Ce ∈
〈
e−1∑
i=1
Πi,e + PΠe,d−e+1, C ′e
〉
⊂ PΠe,d,
hence Ce belongs to the linear system on Πe induced by the linear subsystem
of Pd of hypersurfaces X satisfying Ci ⊂ X for 1 ≤ i ≤ e − 1. From Theorem
2.10, it follows that L ∈ Vd,e.
If follows from the considerations in Section 7.1.3 that in case
dim(Πi1 ∩Πi2 ∩ · · · ∩Πim) = N − 2,
the points Pi1 , Pi2 , . . . , Pim are collinear. This situation can also be handled
using the arguments from Theorem 2.10.
6 Special case : hypersurfaces with two star
points
In this Section, we will prove the following result.
Theorem 6.1. Consider the set S of configurations L ∈ (Pd)2 that are suited
for degree d ≥ 3 in PN . Then S has two irreducible components. The set Vd,2
is one of these components and it has the expected dimension.
First assume L = (Πi, Pi, Ci)2i=1 is a point in Vd,2, so P1 6∈ Π2 and P2 6∈ Π1.
We can introduce coordinates (X0 : . . . : Xn) on PN such that Π1 has equation
X1 = 0, P1 = (1 : 0 : 0 : . . . : 0), Π2 has equation X0 = 0 and P2 = (0 : 1 : 0 :
. . . : 0). Let X = Z(f) be a hypersurface of degree d in Pd(L). We can write
f(X0, . . . , XN ) as
g01(X0, . . . , XN )X0X1 + g0(X0, X2, . . . , XN )X0
+ g1(X1, X2, . . . , XN )X1 + g(X2, . . . , XN ).
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Since the equation g0(X0, X2, . . . , XN )X0+g(X2, . . . , XN ) = 0 of the cone C1 in
Π1 has to be independent of the variable X0, we have g0(X0, X2, . . . , XN ) ≡ 0.
Analogously, we get that g1(X1, X2, . . . , XN ) ≡ 0, since C2 ⊂ Π2 is given by
g1(X1, X2, . . . , XN )X1 + g(X2, . . . , XN ) = 0. So, we conclude that
f = g01(X0, . . . , XN )X0X1 + g(X2, . . . , XN ). (1)
The cones C1 ⊂ Π1 and C2 ⊂ Π2 are both determined by g(X2, . . . , XN ) = 0.
Thus the dimension of Pd(L) equals
(
N+d−2
N
)
and Vd,2 is irreducible and has
dimension
2N + 2(N − 1) +
(
N + d− 2
N − 2
)
− 1,
which is the expected dimension.
Now assume L = (Πi, Pi, Ci)2i=1 6∈ P2,0d , so P1 ∈ Π2 or P2 ∈ Π1. If P1 ∈ Π2,
we have that 〈P1, P2〉 ⊂ C2, hence also 〈P1, P2〉 ⊂ C1 or P2 ∈ Π1. We may
choose coordinates (X0 : . . . : XN ) on PN such that P1 = (1 : 0 : 0 : . . . : 0),
P2 = (0 : 1 : 0 : . . . : 0), Π1 : X2 = 0 and Π2 : X3 = 0. Let X = Z(f) be a
hypersurface in Pd(L). We can write f as
g23(X0, . . . , XN )X2X3 + g2(X0, X1, X2, X4, . . . , XN )X2
+ g3(X0, X1, X3, X4, . . . , XN )X3 + g(X0, X1, X4, . . . , XN ).
Since C1 ⊂ Π1 is given by
g3(X0, X1, X3, X4, . . . , XN )X3 + g(X0, X1, X4, . . . , XN ) = 0,
we have that g3 and g are independent of X0. Analogously, by considering
C2 ⊂ Π2, we get that g2 and g are independent of X1. We conclude that f can
be written as
g23(X0, . . . , XN )X2X3 + g2(X0, X2, X4, . . . , XN )X2
+ g3(X1, X3, X4, . . . , XN )X3 + g(X4, . . . , XN ) (2)
If N = 3, we have g ≡ 0 and
f = g23(X0, X1, X2, X3)X2X3 + g2(X0, X2)X2 + g3(X1, X3)X3.
The cones C1 ⊂ Π1 and C2 ⊂ Π2 are determined by respectively g3 = 0 and
g2 = 0, so the dimension of Pd(L) equals
(
d+1
3
)
+ 1 and the dimension of the
irreducible locus in P2d is 2.3 + 2.1 + 2(d− 1) = 2(d+ 3).
If N > 3, the dimension of Pd(L) is
(
N+d−2
N
)
and the irreducible locus in P2d
has dimension equal to
2N + 2(N − 2) +
(
N + d− 4
N − 4
)
+ 2
(
N + d− 3
N − 2
)
− 1.
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7 Special case : hypersurfaces with three star
points
7.1 Components of Vd,3
In this section (including Subsections 7.1.1-7.1.4), we will prove the following
theorem.
Theorem 7.1. The configuration space Vd,3 (where d ≥ 3) has 2d−2 irreducible
components, of which φ(d) + φ(d− 1) for N = 3 and φ(d) for N > 3 are of the
expected dimension.
Let L = (Πi, Pi, Ci)3i=1 be an element of Vd,3, so Pi 6∈ Πj for i 6= j. We can
choose coordinates (X0 : . . . : XN ) on PN such that P1 = (1 : 0 : 0 : . . . : 0), Π1
has equation X1 = 0, P2 = (0 : 1 : 0 : . . . : 0) and Π2 has equation X0 = 0. Let
X = Z(f) be a hypersurface in Pd(L). Using Section 6, we have that f is of the
form g01(X0, . . . , XN )X0X1 + g(X2, . . . , XN ).
7.1.1 Case I: P3 6∈ 〈P1, P2〉 and Π1 ∩Π2 6⊂ Π3
In this case, we may assume that P3 = (a : b : a + b : 0 : . . . : 0) and Π3 has
equation X2 = X0 +X1. Note that a 6= 0, b 6= 0 and a+ b 6= 0 since respectively
P3 6∈ Π2, P3 6∈ Π1 and P3 6∈ 〈P1, P2〉. So we may take a = −1 and b = t with
t 6= 1 and t 6= 0.
Assume for simplicity that N = 3 and consider the coordinate transforma-
tion defined by
Y0 = tX0 +X1
Y1 = X0 +X1 −X2
Y2 = X2
Y3 = X3
⇐⇒

X0 = 1t−1 (Y0 − Y1 − Y2)
X1 = 1t−1 (−Y0 + tY1 + tY2)
X2 = Y2
X3 = Y3
,
so for the new coordinate system, we have P3 = (0 : 0 : 1 : 0) and Π3 : Y1 = 0.
The equation of X becomes
(Y0 − Y1 − Y2)(−Y0 + tY1 + tY2)
(t− 1)2 g01
(
Y0 − Y1 − Y2
t− 1 ,
−Y0 + tY1 + tY2
t− 1 , Y2, Y3
)
+ g(Y2, Y3) = 0, (3)
so the cone C3 ⊂ Π3 is given by
(Y0 − Y2)(−Y0 + tY2)
(t− 1)2 g01
(
Y0 − Y2
t− 1 ,
−Y0 + tY2
t− 1 , Y2, Y3
)
+ g(Y2, Y3) = 0. (4)
The left hand side of (4) should be independent of the variable Y2. If we write
g01
(
Y0 − Y2
t− 1 ,
−Y0 + tY2
t− 1 , Y2, Y3
)
=
∑
i,j≥0
i+j≤d−2
ci,jY
i
0Y
j
2 Y
d−i−j−2
3
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and
g(Y2, Y3) =
∑
0≤j≤d
djY
j
2 Y
d−j
3 ,
the equation (4) is independent of Y2 if and only if
−tci,j−2 + (t+ 1)ci−1,j−1 − ci−2,j = 0 for i, j ≥ 2
(t+ 1)ci−1,0 − ci−2,1 = 0 for i ≥ 2
−tc1,j−2 + (t+ 1)c0,j−1 = 0 for j ≥ 2
−t
(t−1)2 c0,j−2 + dj = 0 for j ≥ 2
(t− 1)c0,0 = d1 = 0
(5)
So for each j ∈ {2, . . . , d}, the coefficients cj−2,0, cj−3,1, . . . , c0,j−2 satisfy a
system Σj of linear equations, for which the coefficient matrix is equal to the
following tridiagonal matrix
Mj =

t+ 1 −1 . . . 0 0
−t t+ 1 . . . 0 0
. . . . . . . . . . . . . . .
0 0
. . . t+ 1 −1
0 0
. . . −t t+ 1

∈ C(j−1)×(j−1).
The determinant of Mj equals
tj − 1
t− 1 = 1 + t+ t
2 + . . .+ tj−1,
so Σj has a non-zero solution if and only if tj = 1. In this case, the solutions of
Σj are given by
(cj−2,0, cj−3,1, . . . , c0,j−2) = Aj .(1, 1 + t, . . . , 1 + t+ t2 + . . .+ tj−1)
= Aj( t−1t−1 ,
t2−1
t−1 , . . . ,
tj−1−1
t−1 ),
where Aj ∈ C, hence∑j−2
k=0 cj−k−2,kY
j−k−2
0 Y
k
2 = Aj .
(∑j−2
k=0
tk+1−1
t−1 Y
j−k−2
0 Y
k
2
)
= Ajt−1
(
t.
Y j−10 −(tY2)j−1
Y0−tY2 −
Y j−10 −Y j−12
Y0−Y2
)
= Aj .
Y j0 −Y j2
(Y0−Y2)(Y0−tY2) .
So we get
g01
(
Y0 − Y2
t− 1 ,
−Y0 + tY2
t− 1 , Y2, Y3
)
=
∑
0<j≤d
tj=1
Aj
(Y j0 − Y j2 )Y d−j3
(Y0 − Y2)(Y0 − tY2) .
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This implies that g01(X0, X1, X2, X3) is of the form
∑
0<j≤d
tj=1
Aj
((tX0 +X1)j −Xj2)Xd−j3
(tX0 +X1 −X2)(tX0 +X1 − tX2) + (X0 +X1 −X2)g012,
where g012 ∈ C[X0, X1, X2, X3]d−3.
Since
c0,j−2 = Aj .
tj−1 − 1
t− 1 =
−Aj
t
,
from (5) follows that dj =
−Aj
(t−1)2 , thus
g(X2, X3) =
−1
(t− 1)2
∑
0≤j≤d
tj=1
AjX
j
2X
d−j
3 ,
where we take A0 = −(t− 1)2d0.
If td 6= 1 and td−1 6= 1, we see that f belongs to the ideal I :=< X0X1, X23 >,
hence P (0 : 0 : 1 : 0) ∈ Sing(X), a contradiction. So we have either td = 1 or
td−1 = 1. In these cases, for general Aj ∈ C and g012 ∈ C[X0, X1, X2, X3]d−3,
the surface X = Z(f) will be smooth.
If td = 1 or td−1 = 1, denote the component of Vd,3 corresponding to the
root of unity t 6= 1 by Vt and denote the order of t in C? by θ(t). If we fix
L ∈ Vt, the values of the numbers Aj are fixed (up to a scalar), but g012 can
vary, so the dimension of Pd(L) equals
(
d
3
)
. In case td = 1, the dimension of Vt
equals
3.3 + 2.2 + 1 +
(
d
θ(t)
+ 1
)
− 1 = 14 + d
θ(t)
,
since we can choose arbitrarily Π1,Π2,Π3 ⊂ P3, P1 ∈ Π1, P2 ∈ Π2, P3 on a
certain line in Π3 and A0, Aθ(t), . . . , Ad (up to a scalar). Analogously, we can
see that in case td−1 = 1, the dimension of Vt equals 14+ d−1θ(t) . Note that in both
cases, the dimension of Vt is dependent of θ(t) and it is equal to the expected
dimension 15 if and only if θ(t) is maximal (i.e. θ(t) ∈ {d− 1, d}).
These results can easily be generalized to N > 3. Indeed, the defining
polynomial f of X becomes
X0X1.
∑
0<j≤d; tj=1
Aj(X3, . . . , XN )
(tX0 +X1)j −Xj2
(tX0 +X1 −X2)(tX0 +X1 − tX2)+
X0X1(X0 +X1 −X2)g012(X0, . . . , XN )−
∑
0≤j≤d; tj=1
Aj(X3, . . . , XN )X
j
2
(t− 1)2 ,
where Aj is a polynomial of degree d− j.
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If td 6= 1 and td−1 6= 1, we see that f belongs to the ideal I generated by
X0X1 and XiXj with 3 ≤ i ≤ j ≤ N , thus P (0 : 0 : 1 : 0 : . . . : 0) ∈ Sing(X), a
contradiction. So we have either td = 1 or td−1 = 1. In this case, let θ(t) be the
order of t in C? and write Vt to denote the component corresponding to t 6= 1.
The dimension of Pd(L) is
(
N+d−3
N
)
and Vt has dimension equal to
3N + 2(N − 1) + (N − 2) +
∑
0≤j≤d; tj=1
(
N + d− 3− j
N − 3
)
− 1
= 6N +
∑
0≤j≤d; tj=1
(
N + d− 3− j
N − 3
)
− 5.
The component Vt has the expected dimension, which is equal to
6N +
(
N + d− 3
N − 3
)
− 4,
if and only if t is a primitive dth root of unity (i.e. θ(t) = d).
7.1.2 Case II: P3 ∈ 〈P1, P2〉 and Π1 ∩Π2 6⊂ Π3
We may assume that P3 = (1 : −1 : 0 : . . . : 0) and Π3 : X2 = X0 +X1. Consider
the coordinate transformation defined by
Y0 = X0
Y1 = X0 +X1
Y2 = X2 −X0 −X1
Yi = Xi (∀i ≥ 3)
⇐⇒

X0 = Y0
X1 = Y1 − Y0
X2 = Y1 + Y2
Xi = Yi (∀i ≥ 3)
,
hence in the new system, we have P3 = (1 : 0 : 0 : . . . : 0), Π3 : Y2 = 0 and X is
defined by
Y0(Y1 − Y0)g01(Y0, Y1 − Y0, Y1 + Y2, Y3, . . . , YN ) + g(Y1 + Y2, Y3, . . . , YN ) = 0.
The cone C3 ⊂ Π3 is given by
Y0(Y1 − Y0)g01(Y0, Y1 − Y0, Y1, Y3, . . . , YN ) + g(Y1, Y3, . . . , YN ) = 0. (6)
Since (6) has to be independent of the variable Y0, we get that g01(Y0, Y1 −
Y0, Y1, Y3, . . . , YN ) ≡ 0, thus g01(X0, . . . , XN ) is divisible by X2 −X0 −X1 and
f is of the form
X0X1(X2 −X0 −X1)g012(X0, . . . , XN ) + g(X2, . . . , XN ).
This case gives rise to a component of Vd,3 not described in Case I, which
we will denote by V1. If we fix L, the polynomial g is fixed, but g012 can vary.
So the dimension of Pd(L) is equal to
(
N+d−3
N
)
and the dimension of V1 is
3N + 2(N − 1) +
(
N + d− 2
N − 2
)
− 1.
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7.1.3 Case III: P3 6∈ 〈P1, P2〉 and Π1 ∩Π2 ⊂ Π3
We can take the coordinates on PN so that P3 = (0 : 0 : 1 : 0 : . . . : 0) and
Π3 : X0 = X1. The cone C3 is defined by X1 −X0 = 0 and
X20g01(X0, X0, X2, X3, . . . , XN ) + g(X2, . . . , XN ) = 0. (7)
Since (7) has to be independent of X2, we get that g is independent of X2 and
P2 ∈ Sing(X), a contradiction. So there are no elements L ∈ Vd,3 of this form.
7.1.4 Case IV: P3 ∈ 〈P1, P2〉 and Π1 ∩Π2 ⊂ Π3
Assume that P3 = (1 : 1 : 0 : . . . : 0) and Π3 : X0 = X1. Consider the following
coordinate transformation Y0 = X0Y1 = X1 −X0
Yi = Xi (∀i ≥ 2)
⇐⇒
 X0 = Y0X1 = Y0 + Y1
Xi = Yi (∀i ≥ 2)
.
For the new coordinates, we have P3 = (1 : 0 : . . . : 0), Π3 : Y1 = 0 and X is
given by
Y0(Y0 + Y1)g01(Y0, Y0 + Y1, Y2, . . . , YN ) + g(Y2, . . . , YN ) = 0.
The equation of the cone C3 ⊂ Π3 is
Y 20 g01(Y0, Y0, Y2, . . . , YN ) + g(Y2, . . . , YN ) = 0. (8)
Since (8) has to be independent of Y0, we get g01(Y0, Y0, Y2, . . . , YN ) ≡ 0 and so
g01(X0, . . . , XN ) is divisible by X1 −X0. Thus, f is of the form
X0X1(X1 −X0)g01(X0, . . . , XN ) + g(X2, . . . , XN ).
It is clear that in this case, the elements L are contained in the component
V1. Moreover, this subset of V1 has dimension
2N + 2(N − 1) + 1 +
(
N + d− 2
N − 2
)
− 1.
7.1.5 Conclusion
The set Vd,3 has (d− 1) + (d− 2) + 1 = 2d− 2 components, namely Vt with t a
root of the polynomial
(td − 1)(td−1 − 1)
t− 1 ∈ C[t].
The component Vt has the expected dimension if and only if θ(t) ∈ {d− 1, d} if
N = 3 and θ(t) = d if N > 3. So, Vd,3 has φ(d) + φ(d − 1) components of the
expected dimension if N = 3 and φ(d) if N > 3.
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Remark 7.2. For smooth cubic surfaces (i.e. d = N = 3), the set Vd,3 has
three components of the expected dimension 15 (namely V−1, Vω3 and Vω23 ,
where ω3 = e2pii/3) and one component V1 ⊂ Vd,3 of dimension 16.
Remark 7.3. Consider the Fermat hypersurface Xd,N (see Example 2.13). Let
i, j, k be different elements in {0, . . . , N} and ξ1, ξ2, ξ3 ∈ C such that ξd1 = ξd2 =
ξd3 = −1. Then the triple of star points
(Ei,j(ξ1), Ei,j(ξ2), Ei,k(ξ3)),
with ξ1 6= ξ2, belongs to the component Vt with t = ξ1ξ2 . On the other side, the
triple of star points
(Ei,j(ξ1), Ei,k(ξ2), Ej,k(ξ3))
belongs to Vt with t = ( ξ2ξ1ξ3 )2.
7.2 Components outside Vd,3 : Intermediate case
We show the following result for the intermediate case.
Theorem 7.4. Let Vint be the set of configurations L ∈ (Pd)3 that are suited
for degree d ≥ 3 in PN and such that P1 6∈ Π2 ∪ Π3 but 〈P2, P3〉 ⊂ Π2 ∩ Π3.
Then Vint is irreducible of dimension
3N + (N − 1) + 2(N − 2) +
(
N + d− 3
N − 3
)
+
d−1∑
k=1
(
N + d− k − 4
N − 3
)
− 1.
Let L ∈ (Pd)3 with Pd(L) 6= ∅ such that P1 6∈ Π2 ∪Π3 and P2, P3 6∈ Π1, but
P2 ∈ Π3. In this case, we have that 〈P2, P3〉 ⊂ Π2 ∩Π3.
We can choose coordinates (X0 : . . . : XN ) such that P1 = (1 : 0 : 0 : . . . : 0),
Π1 has equation X1 = 0, P2 = (0 : 1 : 0 : . . . : 0), Π2 has equation X0 = 0,
P3 = (0 : 1 : 1 : 0 : . . . : 0) and Π3 has equation X0 = X3. From Section 6
follows that f is of the form
X0X1g01(X0, . . . , XN ) + g(X2, . . . , XN ).
Consider the following coordinate transformation Y0 = X0 −X3Y1 = X1 −X2
Yi = Xi (∀i ≥ 2)
⇐⇒
 X0 = Y0 + Y3X1 = Y1 + Y2
Xi = Yi (∀i ≥ 2)
.
In this system, P3 = (0 : 0 : 1 : 0 : . . . : 0), Π3 : Y0 = 0 and X has equation
(Y0 + Y3)(Y1 + Y2)g01(Y0 + Y3, Y1 + Y2, Y2, Y3, . . . , YN ) + g(Y2, Y3, . . . , YN ) = 0,
so the cone C3 ⊂ Π3 is given by
Y3(Y1 + Y2)g01(Y3, Y1 + Y2, Y2, Y3, . . . , YN ) + g(Y2, Y3, . . . , YN ) = 0. (9)
25
For simplicity, we will first assume N = 3. If we write
g01(Y3, Y1 + Y2, Y2, Y3) =
∑
i,j≥0
i+j≤d−2
ai,jY
i
1Y
j
2 Y
d−i−j−2
3
and g(Y2, Y3) =
∑d
j=0 bjY
j
2 Y
d−j
3 , we see that the equation (9) of C3 is indepen-
dent of the variable Y2 if and only if ai−1,j + ai,j−1 = 0 (∀i > 0, j > 0 with i+ j ≤ d− 1)bj + a0,j−1 = 0 (∀j ∈ {1, . . . , d− 1})
bd = 0
. (10)
If (10) is satisfied, we have ai,k−i−1 = −(−1)ibk for all 1 ≤ k ≤ d− 1, and thus
k−1∑
i=0
ai,k−i−1Y i1Y
k−i−1
2 = −bk
k∑
i=0
(−Y1)iY k−i−12 = −bk
Y k2 − (−Y1)k
Y2 + Y1
.
It follows
g01(Y3, Y1 + Y2, Y2, Y3) = − 1
Y2 + Y1
d−1∑
k=1
bk(Y k2 − (−Y1)k)Y d−k−13 ,
so g01(X0, X1, X2, X3) is of the form
(X3 −X0)g013(X0, . . . , XN )− 1
X1
d−1∑
k=1
bk(Xk2 − (X2 −X1)k)Xd−k−13 ,
where g013 is a polynomial of degree d− 3. We conclude that f is of the form
X0X1(X3 −X0)g013 −X0
d−1∑
k=1
bk(Xk2 − (X2 −X1)k)Xd−k−13 +
d−1∑
k=0
bkX
k
2X
d−k
3 .
So, in this case, for N = 3, the dimension of Pd(L) is
(
d
3
)
and we get a component
of the set of surfaces with three star points of dimension
3.3 + 2 + 2.1 + d+
(
d
3
)
− 1 = 12 + d+
(
d
3
)
.
These results can easily be generalized to general values of N ≥ 3. Indeed,
in this case, f is of the form
X0X1(X3 −X0)g013 −X0
d−1∑
k=1
Bk(Xk2 − (X2 −X1)k) +X3
d−1∑
k=1
BkX
k
2 +B0,
where the polynomials Bi are homogeneous in the variables X3, . . . , XN of de-
gree d for i = 0 and d− k− 1 for k ∈ {1, . . . , d− 1}. We get a component of the
set of hypersurfaces with three star points of dimension
3N+(N−1)+2(N−2)+
(
N + d− 3
N
)
+
(
N + d− 3
N − 3
)
+
d−1∑
k=1
(
N + d− k − 4
N − 3
)
−1.
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7.3 Components outside Vd,3 : Extremal case
We show the following result for the extremal case.
Theorem 7.5. Let Vext be the set of configurations L ∈ (Pd)3 that are suited
for degree d in PN and such that Pi ∈ Πj for all i, j ∈ {1, 2, 3}. If d ≥ 6, then
Vext has two irreducible components. The first component Vext,I corresponds to
configurations L with Π1,Π2,Π3 linearly independent and has dimension
3N + 3(N − 3) + 3
(
N + d− 4
N − 2
)
+ 3
(
N + d− 5
N − 4
)
+
(
N + d− 6
N − 6
)
− 1;
the second component Vext,II corresponds to configurations L with Π1,Π2,Π3
linearly dependent and has dimension
3N +2(N −3)+
(
N + d− 3
N − 1
)
+2
(
N + d− 4
N − 3
)
+
(
N + d− 5
N − 3
)
+
(
N + d− 5
N − 5
)
.
Assume L ∈ (Pd)3 with Pd(L) 6= ∅ and Pi ∈ Πj for all i, j ∈ {1, 2, 3}. In this
case, it is easy to see that
L = 〈P1, P2, P3〉 ⊂ Π1 ∩Π2 ∩Π3 ∩X = C1 ∩ C2 ∩ C3.
Note that P3 6∈ 〈P1, P2〉 (see Proposition 3.1) and that N > 4 (for N = 4, the
plane L would be a component of the cones Ci, which contradicts Lemma 2.4).
Choose coordinates (X0 : . . . : XN ) on PN so that P1 = (1 : 0 : 0 : . . . : 0),
P2 = (0 : 1 : 0 . . . : 0), P3 = (0 : 0 : 1 : . . . : 0), Π1 has equation X3 = 0 and Π2
has equation X4 = 0.
7.3.1 Case I: Π1 ∩Π2 6⊂ Π3
We can assume that Π3 : X5 = 0. We can write
f = X3X4X5g345 +X3X4g34 +X3X5g35 +X4X5g45 +X3g3 +X4g4 +X5g5 + g,
where for example g34 is independent of X5, g3 is independent of X4 and X5
and g is independent of X3, X4 and X5.
Since C1 ⊂ Π1 is defined by X4X5g45 + X4g4 + X5g5 + g = 0, we get
that g45, g4, g5, g are independent of the variable X0. Analogously, we get that
g35, g3, g5, g are independent of X1 and g34, g3, g4, g independent of X2, so we
conclude f is of the form
X3X4X5g345(X0, . . . , XN ) +X3X4g34(X0, X1, X3, X4, X6, . . . , XN )+
X3X5g35(X0, X2, X3, X5, . . . , XN ) +X4X5g45(X1, X2, X4, X5, . . . , XN )+
X3g3(X0, X3, X6, . . . , XN ) +X4g4(X1, X4, X6, . . . , XN )+
X5g5(X2, X5, X6, . . . , XN ) + g(X6, . . . , XN ).
When we fix the element L, the polynomials g34, g35, g45, g3, g4, g5, g are
fixed, but g345 can still vary, so the dimension of Pd(L) is equal to
(
N+d−3
N
)
.
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This case gives rise to a component of the set of hypersurfaces with three star
points of dimension dext,I equal to
3N+3(N−3)+
(
N + d− 3
N
)
+3
(
N + d− 4
N − 2
)
+3
(
N + d− 5
N − 4
)
+
(
N + d− 6
N − 6
)
−1.
7.3.2 Case II: Π1 ∩Π2 ⊂ Π3
We may assume Π3 is the hyperplane X4 − X3 = 0. Write f as X3X4g34 +
X3g3 +X4g4 + g, with g3 independent of X4, g4 of X3 and g of X3 and X4.
Since C1 ⊂ Π1 is given by X4g4 + g, we see that g4 and g are independent
of X0. By considering C2 ⊂ Π2, we get that g3 and g are independent of X1.
The cone C3 is has equations X4 −X3 = f = 0, so
X23g34(X0, X1, X2, X3, X3, X5, . . . , XN ) +X3g3(X0, X2, X3, X5, . . . , XN )+
X3g4(X1, X2, X3, X5, . . . , XN ) + g(X2, X5, . . . , XN )
is independent of the variable X2. This implies that g is independent of X2. If
we write gi = Xihi + h′i for i ∈ {3, 4} with h′i independent of Xi, we see that
h′3(X0, X2, X5, . . . , XN ) + h
′
4(X1, X2, X5, . . . , XN )
and
g34(X0, X1, X2, X3, X3, X5, . . . , XN ) + h3(X0, X2, X3, X5, . . . , XN )
+ h4(X1, X2, X3, X5, . . . , XN )
are independent of X2. If we write h′3 = X2b2 + b and h
′
4 = X2c2 + c with b
and c independent of X2, we have that b2 + c2 ≡ 0. Hence, b2 is independent
of X0 and c2 is independent of X1. On the other hand, if g34 = X2a2 + a,
h3 = X2b23 + b3 and h4 = X2c24 + c4 with a, b3 and c4 independent of X2, we
get
a2(X0, X1, X2, X3, X3, X5, . . . , XN ) + b23(X0, X2, X3, X5, . . . , XN )
+ c24(X1, X2, X3, X5, . . . , XN ) ≡ 0.
We see that a2(X0, X1, X2, X3, X3, X5, . . . , XN ) does not contain terms divisible
by X0X1, hence we can write a2 as X0X1(X4 −X3)a012 +X0a02 +X1a12 + a′,
with a02 independent of X1, a12 independent of X0 and a′2 independent of X0
and X1. Also write b23 as X0b023 + b′23 with b
′
23 independent of X0 and c24 as
X1c124 + c′24 with c
′
24 independent of X1. We have that
b023(X0, X2, X3, X5, . . . , XN ) ≡ −a02(X0, X2, X3, X3, X5, . . . , XN ),
c124(X1, X2, X3, X5, . . . , XN ) ≡ −a12(X1, X2, X3, X3, X5, . . . , XN )
or
c124(X1, X2, X4, X5, . . . , XN ) ≡ −a12(X1, X2, X4, X4, X5, . . . , XN )
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and
b′23(X2, X3, X5, . . . , XN ) ≡
− a′2(X2, X3, X3, X5, . . . , XN )− c′24(X2, X3, X5, . . . , XN ).
We conclude that f is of the form
X3X4(X2a2 + a) +X3(X2X3b23 +X3b3 +X2b2 + b)+
X4(X2X4(X1c124 + c′24) +X4c4 +X2c2 + c) + g,
with the above conditions (in particular, b23, b2 and c124 are fixed, given a2, c2
and c′24).
In this case, the dimension of Pd(L) is again
(
N+d−3
N
)
. The set of hypersur-
faces, corresponding to star point configurations L ∈ (Pd)3 with Pi ∈ Πj and
Π1,Π2,Π3 linearly dependent, gives rise to an irreducible locus of dimension
dext,II equal to
3N +2(N −3)+
(
N + d− 2
N
)
+2
(
N + d− 4
N − 3
)
+
(
N + d− 5
N − 3
)
+
(
N + d− 5
N − 5
)
.
Since
dext,II = dext,I + 4−N +
(
N + d− 6
N − 1
)
,
we have that dext,II > dext,I for d ≥ 6. This implies Theorem 7.4. The authors
expect that the statement of the theorem also holds for d ∈ {3, 4, 5}, although
is this case dext,II < dext,I (except for the case N = d = 5, where we have
dext,II = dext,I = 116).
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